In the context of hybrid formulations, the Poincaré-Steklov operator acting on traces of solutions to the vector Helmholtz equation in a heterogeneous interior domain with a smooth boundary is regularized by a well-known boundary integral operator related to the homogeneous exterior domain. For the first time, this property allows us to simultaneously construct a Calderón multiplicative preconditioner for the discretized operator and for a 3-D hybrid finite/boundary element method formulation, applicable to electromagnetic scattering problems. Numerical examples demonstrate the effectiveness of this novel preconditioning scheme, even for heterogeneous domains with non-smooth boundaries.
Introduction
A Poincaré-Steklov operator (PS for short), also called Dirichlet-to-Neumann operator, embodies a connection between the boundary values and (a function of) their derivatives of solutions to a boundary value problem of a linear partial differential operator. PS operators and their discretizations are present in continuous and discrete formulations of a wide spectrum of equations in computational physics, including heat problems, fluid dynamics [1] , structural mechanics, acoustics and electromagnetics [2] [3] [4] [5] . They naturally allow to impose field continuity constraints at the interface between physical domains and are consequently found in domain decomposition methods of finite element methods [6] [7] [8] and in hybrid finite/boundary element method (FEM-BEM) formulations [2, 3, 9] . For differential operators acting on scalar fields, for example the Helmholtz operator ∆ + k 2 , the PS operator maps the scalar boundary value of a solution onto its normal derivative [10] . In this contribution, we focus on the vectorial time-harmonic electromagnetic PS operator mapping the tangential boundary value of the electric field e, which satisfies the heterogeneous vector Helmholtz equation ∇ × ∇ × e + k 2 (x, y, z)e = 0 in the interior domain, onto the corresponding tangential component of the magnetic field trace [4, 5] .
The presence of ill-conditioned discretized PS operators in numerical formulations severely increases the number of iterations and hampers the convergence speed of Krylov iterative methods. This has incited the development of preconditioners in past research, of which we intend to give a few examples. The NeumannNeumann and Interface Strip preconditioner have been proposed for the global PS operator in domain decomposition methods [1, 11] . Moreover, we note that the application of a Calderón preconditioner for the Poincaré-Steklov operator of the 2-D scalar heterogeneous Helmholtz equation on a structured square domain has been investigated in [12] .
In this contribution, we propose a Calderón multiplicative preconditioner for the finite element Schur complement discretization of the PS operator, denoted P, for the vector heterogeneous Helmholtz equation on a general 3-D domain. First, we prove a decomposition of P in terms of well-known boundary integral operators. Then, we show that P is regularized by the so-called electric field integral operator T k , further defined in (10) , meaning that their product can be written as a compact perturbation of a well-conditioned operator. The self-regularizing property of T k itself, i.e., the fact that T 2 k is a compact perturbation of the identity operator (up to a constant multiplicative factor) on domains with smooth boundaries, was the source of inspiration for efficient preconditioners in BEMs for various integral equations, such as the electric field integral equation (EFIE) [13] [14] [15] , the combined field integral equations of [16] , the regularized combined field integral equations (CFIER) of [17] , a single source CFIE for dielectric scattering [18] , the Poggio-MillerChan-Harrington-Wu-Tsai (PMCHWT) equation [19] , an electric current formulation [20] and the EFIE in a layered medium [21] . We emphasize that the cited BEMs are restricted to piecewise homogeneous scatterers, and are not applicable to general heterogeneous domains. The multiplicative nature of the preconditioners in [14, 16, [18] [19] [20] and the specific choice for Buffa-Christiansen (BC) basis functions [22] , for the discretization of the T k operator appearing in the preconditioner, has the benefit that existing method of moments (MoM) algorithms for Rao-Wilton-Glisson (RWG) functions [23] can still be used, albeit on the barycentrically refined mesh.
A wide class of preconditioners for hybrid FEM-BEM formulations exists [24] [25] [26] [27] [28] , with an important subset of them relying on domain decomposition methods [29, 30] . For the first time, a Calderón multiplicative preconditioner is applied to a reduced hybrid FEM-BEM formulation for electromagnetic scattering at a heterogeneous obstacle, and is compatible with existing matrix vector product acceleration schemes, such as the multilevel fast multipole algorithm (MLFMA) [31] [32] [33] [34] .
This paper is structured as follows: in Section 2 we introduce the electromagnetic Poincaré-Steklov operator P of a heterogeneous domain and, in line with a similar and well-known result for the electromagnetic PS operator of a homogeneous domain [5, 17] , we derive a decomposition in terms of T k , which implies that T k regularizes P, in a Sobolev space framework, as already remarked in [17] . Inspired by these properties, we construct a Calderón multiplicative preconditioner (CMP) for a Schur complement finite element discretization of P and investigate its effect on the singular value distribution of the discretized PS operator in Section 3. We present a hybrid FEM-BEM formulation, whose reduced form is amenable to the CMP, in Section 4, and demonstrate the effectiveness of the preconditioner in the numerical examples of Section 5.
Electromagnetic Poincaré-Steklov Operator of a Heterogeneous Domain
In this section, the governing time-harmonic Maxwell equations for scattering at a bounded heterogeneous domain are introduced. We define the Poincaré-Steklov operator P of the heterogeneous domain and derive some of its continuous properties, for the first time, in a Sobolev space framework. An interesting corollary is the regularization of P by a boundary integral operator T k , sometimes called the electric field integral operator [35] , which is frequently used in scattering at perfect electric conducting objects [14, 36, 37] . This property hints at a discrete Calderón multiplicative preconditioner for the ill-conditioned discretization of P, which is numerically investigated in Section 3.
Scattering at a Bounded Heterogeneous Domain: Maxwell's equations
Consider a connected open bounded Lipschitz (see e.g. [38] for a definition) domain Ω − ⊂ R 3 , with boundary Γ and external unit normaln, representing a heterogeneous isotropic region with permittivity 1 (r) ∈ C and constant permeability µ 0 > 0 (Fig. 1) . The domain Ω − is embedded in a homogeneous medium, with permittivity 0 > 0 and permeability µ 0 . The structure is excited by an incoming field (e (i) , h (i) ) in the homogeneous exterior region Ω + = R 3 \ Ω − , with Ω − = Ω − ∪ Γ being the closure of Ω − . The solution (e, h) satisfies Maxwell's equations (1)- (2) in the frequency domain (angular frequency ω, time factor e jωt ), boundary conditions (3) at Γ, and a suitable radiation condition (4) [36, 39] :
lim |r|→∞ e × r + η|r|h = 0,
with η = µ 0 / 0 the characteristic impedance of the exterior medium and [ψ] Γ = lim Ω − r→Γ ψ−lim Ω + r→Γ ψ, i.e., the jump of ψ across the interface Γ.
Function Spaces and Calderón Projectors
The precise statement and the proofs of the properties of the PS operator in §2.3 make use of the following Sobolev spaces (see [40, 41] for definitions):
with
Hilbert spaces for all s ∈ R, with the convention that s = 0 if omitted, i.e., H = H 0 = L 2 the space of square integrable densities, and all derivatives considered in distributional sense. Assume that the fields e and h belong to H(curl, Ω − ). The trace theorem shows that the tangential tracesn × e andn × h in that case belong to H − 1 2 (div Γ , Γ) [41] . Moreover, we define the following boundary integral operators
, related to the homogeneous exterior domain Ω + :
with k = ω √ 0 µ 0 the wavenumber of the homogeneous exterior domain, r = (x, y, z) and r = (x , y , z ) position vectors in a Cartesian coordinate system with unit axes (x,ŷ,ẑ), ∇ = ∂ xx + ∂ yŷ + ∂ zẑ , ∇ = ∂ x x + ∂ y ŷ + ∂ z ẑ and G(r − r ) = e −jk|r−r | /(4π|r − r |) the outgoing fundamental solution of the scalar Helmholtz equation. Recall that, in a completely homogeneous free space R 3 , electric and magnetic surface current densities on Γ, denoted j, m ∈ H − 1 2 (div Γ , Γ), respectively, give rise to the following field traces:
with P + and P − the exterior and interior Calderón projectors, respectively [37, 41] . The projector property (P ± ) 2 = P ± immediately implies the so-called Calderón identities
Lemma 2.1.
Proof. This follows from the fact that 
Definition and Properties of the Poincaré-Steklov Operator
The electromagnetic Poincaré-Steklov operator, denoted P, is defined in this contribution 2 as the boundary operator that maps the tangential electric field tracen × e| Γ of a solution to the sourceless Maxwell equations inside Ω − onto the corresponding tangential magnetic field tracen × h| Γ .
Definition 2.1 (Poincaré-Steklov Operator).
In the sequel, we prove a specific decomposition of P (under certain restrictions on Γ and 1 ). This decomposition explains the dense mesh discretization breakdown of a finite-dimensional discretization of P, denoted P ∈ C n×n , implying that the condition number of P grows without bound for an increasing number n of basis functions, as observed in Section 3.
Theorem 2.2 (Decomposition of P).
Suppose the boundary Γ is smooth, and the permittivity 1 ∈ C 1 (R 3 ), with 1 (r) = 0 ∀r ∈ R 3 and 1 | Ω + = 0 . Let k > 0 not be a resonant wavenumber of Ω − . Then
1 all integrals are considered in Cauchy principal value sense, i.e., as the limit for δ → 0 of the integrals over the surface Γ \ Γ δ , with Γ δ the intersection of Γ with a ball with radius δ, centered around the singularity r ∈ Γ of the integrands [36] 2 note thatn × P is called the Poincaré-Steklov operator in [4] Proof. Consider a magnetic current density m ∈ H 
where j c = jω 0 e is the so-called contrast current. Consider the following operators, with G(r − r ) = e −jk|r−r | /(4π|r − r |):
The operator A maps the magnetic current density onto the electric field it generates in a homogeneous region Ω − (with constant permittivity 0 ). It follows from [41, Theorem 5] that A is bounded. Taking the divergence of equation (17) shows that ∇·[ e] = 1 1+ ∇ ·e, so that the operator B maps this incoming electric field onto the electric field generated by the contrast current jω 0 e. The assumption 1 ∈ C 1 (R 3 ) implies that | 1 | and |∇ 1 | are continuous on the compact set Ω − and, hence, by the extreme value theorem, they attain a minimum and maximum in Ω − , implying that |∇ 1 | = |∇ | and |˜ | are bounded in Ω − . Moreover, by the assumption that 1 (r) = 0 ∀r ∈ R 3 , the attained minimal value of
implying that B is a weakly singular integral operator, and thus compact in L 2 (Ω − ). Moreover, ∇ × B is also a weakly singular integral operator, and thus compact in L 2 (Ω − ) [42] . This implies that B is compact in H(curl, Ω − ) and that, as the heterogeneous scattering problem has a unique solution [43 
In the last step, we transform the scattered electric field back to the boundary with the trace operator γ t :
The continuity of this operator is well-established [41] . This leads to the following expression for the scattered electric field, generated by the contrast currents, for the given incoming field Am:
, as B is compact and A, (1 − B) −1 and γ t are all bounded. The scattered magnetic field follows from the observation that the scattered field is a solution of Maxwell's equations (1) in Ω + satisfying the radiation condition (3). This means that its traces belong to the kernel of the interior Calderón projector P − [41, Theorem 8] , defined in (12), leading tô
Qm.
To conclude, the total tangential electric and magnetic fields on the boundary (by taking the limit from the interior region Ω − ) can be written as a sum of the incoming fields, generated by m, and scattered fields, generated by the contrast currents, as:
This yields the following expression for the Poincaré-Steklov operator:
In case of a homogeneous interior domain, = 0 implies that Q = 0 and (24) reduces to the well-known
For smooth Γ, the operator K k is compact (see Lemma 2.1). Note that the inverses ( (24) exist, because we assume that k > 0 is not a resonant wavenumber of the heterogeneous (permittivity 1 ) or homogeneous (constant permittivity 0 ) domain Ω − . By the compactness of K k and Q, these inverses are also bounded. Combining the compactness of Q and the boundedness of (
−1 leads to the proposition.
This implies that T k regularizes P, as indicated by the following corollary, in correspondence with the same property for the PS operator of a homogeneous domain [5, 17] .
Corollary 2.1. Under the stated assumptions,
Proof. This follows directly from the decomposition of P in Theorem 2.2, together with the Calderón identity (14) and Lemma 2.1.
Moreover, every operator T k (with wavenumber k > 0) can be used to regularize P, as indicated by the following corollary. It explains the successful application of the Calderón multiplicative preconditioner (43) to the hybrid system (42) for scattering at a heterogeneous domain with 1 | Γ = 0 (i.e., with a discontinuous jump of the permittivity at the boundary), as demonstrated in the examples of Section 5.
Corollary 2.2. Under the stated assumptions,
Proof. The proposition follows directly from Theorem 2.2 and the fact that
, with Π ∇Γ and Π−→ curlΓ the orthogonal projectors associated to the Helmholtz decomposition of H − 1 2 (div Γ , Γ) and defined in [17] .
Discretized Poincaré-Steklov Operator
The numerical simulation of the time-harmonic Maxwell equations (2) in a heterogeneous domain may typically involve the finite element method (FEM) [44, 45] . The hereafter introduced discretization of the PS operator, denoted P, originates from the Schur complement of the FEM matrix w.r.t. the boundary degrees of freedom. Its conditioning, including dense mesh discretization breakdown and the effect of the proposed Calderón multiplicative preconditioner on its singular values and condition number, stem from the derived theorems in §2.3 and are investigated as a function of the mesh density.
Finite Element Schur Complement Discretization
Consider the electric field wave equation in the heterogeneous domain (25) , which follows directly from (2), and its weak formulation (26) .
By a suitable Green's theorem [36] , (26) reduces to
Electric fields e ∈ H(curl, Ω − ) that satisfy (27) ∀ψ ∈ H(curl, Ω − ) are exact solutions to the Maxwell equations in the heterogeneous domain. In the finite element method, e and ψ are restricted to a finitedimensional finite element space V h ⊂ H(curl, Ω − ), with h > 0 denoting the characteristic size of the mesh elements, i.e., we are interested in approximate solutions e ∈ V h such that (27) holds ∀ψ ∈ V h . Let us denote the subspace of finite elements with vanishing tangential trace as V h i = {e ∈ V h :n × e| Γ = 0}, which contains the finite elements associated to the N i = dim(V 
Denote the components of e ∈ V h as e i ∈ V . This reduces (27) , with e, ψ ∈ V h , to the following linear system:
The elements of the sparse complex symmetric system matrix and the right hand side vector are given by
Definition 3.1 (Finite Element Discretization of P). If A ii is invertible (i.e., away from Dirichlet and Neumann frequencies of the heterogeneous domain), the finite element discretization of P is defined as
This immediately implies that
Lemma 3.1 provides a connection between P and P.
Lemma 3.1. If e ∈ V h is an exact solution to the wave equation (25) , then (Pe
Proof. If e ∈ V h satisfies (25) , then e and h = j ωµ0 ∇ × e satisfy (15), implying thatn × ( j ωµ0 ∇ × e) = P(n × e) = P(n × e b ). By (33) and (31) we get
For an exact solution e to the wave equation (25) that lies not necessarily in V h , it can be shown that P converges to the continuous operator P, in the sense that 
Basis Functions
In this contribution, we approximate the domain Ω − as a partition of tetrahedra, with h > 0 the maximum edge length. Consequently, the boundary Γ h is a triangulated surface. Moreover, we choose V h as the space of lowest order Nédélec curl conforming elements [46] , with basis functions b Fig. 2 ). For the discretization of the boundary operators T k , which arises in the Calderón preconditioner, and K k , which arises in the hybrid formulation of Section 4, we use the same triangular surface mesh Γ h and define two types of basis functions on this mesh, associated with the edges (see Fig. 2 ). First, we use the RWG basis functionsn × b
The discretization of the left T k operator in the well-conditioned operator products T k T k and T k P, which arise in the hybrid formulation of Section 4, makes use of the basis of Buffa-Christiansen (BC) functions [22] d n , defined on the barycentrically refined mesh and dual to the RWG basis functions (Fig. 2) . Denote the Galerkin discretization of T k w.r.t. the BC basis d
The mixed discretization of the operator K k , with RWG basis functions andn×BC test functions, is denoted K.
The mixed Gram matrix G links the RWG and BC bases.
3.3. Dense Mesh Discretization Breakdown Fig. 3 shows that the condition number of P (for the example of the Luneburg lens of §5.2) is already considerable for the moderate mesh size h = 0.05λ, and continues to grow monotonically if the mesh size decreases. This undesirable ill-conditioning, which is called dense mesh discretization breakdown, severely hampers both the accuracy (due to an increased sensitivity of the solution vector on the matrix and the right hand side accuracies) and convergence speed of iterative solvers [47] . The latter will be illustrated in the numerical examples of Section 5. The breakdown can be explained by the decomposition of P in Theorem 2.2. Note that P is proportional, up to a compact term (as T k is bounded in H − 1 2 (div Γ , Γ)), to the Electric Field Integral Operator (EFIO) T k , whose Galerkin discretization is known to suffer from dense mesh discretization breakdown [14] . The compact term does not influence the singular value distribution of P significantly, as its singular values accumulate at 0. Indeed, the singular value distributions of T and P for a dense mesh (h/λ = 1.7 · 10 −3 , N b = 4521 unknowns) are very similar (Fig. 4) , with the well-known two branches of singular values accumulating at 0 and ∞ (for N b → ∞) clearly visible [14] . As a consequence, the h −2 behavior of the condition number of T [48] is also encountered in the discretization P (see Fig. 3 ).
Calderón Multiplicative Preconditioner
Our goal is to propose a multiplicative preconditioner C ∈ C N b ×N b such that the condition number of CP is uniformly bounded as a function of N b , i.e., such that C cures P of dense mesh discretization breakdown. Corollary 2.1 states that the operator product 2ηT k P is the sum of a compact operator (whose singular values accumulate at zero) and the identity operator, implying that T k P is well-conditioned in H Inspired by these observations, we are looking for C such that CP is a discretization of the continuous operator T k P. The specific expression for C described hereafter corresponds to the multiplicative preconditioner of the EFIO T k based on RWG and BC basis functions for the discretization of the two operators in the product T k T k [14, 22] . This has the additional advantage that C is also a preconditioner for T, which will be exploited in the construction of an efficient preconditioner for the proposed hybrid formulation in Section 4. In line with [14] and with contributions on similar preconditioning strategies for other operators [16] [17] [18] [19] [20] [21] 49 , 50], we call C a Calderón multiplicative preconditioner. Similar to [14] , we choose
By (35), P is (an approximation of) a Galerkin discretization of P with RWG basis functionsn × b m b . By (36), T bc is a Galerkin discretization of T k with BC basis functions d m . It has been proven that the condition number of the sparse mixed Gram G, linking RWG and BC functions, is uniformly bounded as a function of N b (for regular meshes) [22] , and is small in practice [14] , which ensures a fast iterative solution of its inverse. The choice of BC functions for the discretization of T k , which leads to a well-conditioned mixed Gram matrix G, ensures that the beneficial spectral properties of T k P are inherited by the discretization CP. Observe in Fig. 3 that the condition number of CP is relatively small and stays constant as a function of the relative mesh size h/λ. Unlike the diagonal preconditioner, the Calderón multiplicative preconditioner removes the dense mesh discretization breakdown of P. This is also reflected by the singular value distributions of the Calderón preconditioned operators ηG −T CP and G −T CT for the Luneburg lens, shown in Fig.  4 , which manifest one cluster of singular values (instead of the two separated branches of T and P) around , respectively, as expected from Corollary 2.1 and Calderón identity (14) . Note that the transposed inverse (well-conditioned) Gram matrix G −T does not significantly influence the condition number of CT and CP or the behavior of their singular value distribution, but is merely added such that the accumulation points strictly speaking not smooth), with k the wavenumber of the homogeneous exterior domain in this case, and k = √ r k and η the wavenumber and characteristic impedance of the homogeneous cube, respectively. Therefore, the preconditioner C (with wavenumber k in the discretization T bc ) cures P (with wavenumber k at the boundary) from dense discretization breakdown, even if k = k . However, the appearance of two clusters of singular values leads, in general, to a higher condition number of ηG −T CP (whose logarithm is equal to the length of the smallest interval that contains the support of the curves in Figs. 4 and 5 ), in comparison with the case k = k .
Preconditioned Reduced Hybrid FEM-BEM Formulation
The numerical simulation of the scattering problem (1)-(4) at a heterogeneous domain typically combines a boundary element method (BEM) [38, 41, 51] , with unknown current densities in a finite-dimensional subspace of H − 1 2 (div Γ , Γ), with a finite element method [44, 45] , with an unknown electric field in a finitedimensional subspace of H(curl, Ω − ), resulting in a hybrid FEM-BEM method, sometimes called FE-BI (finite element, boundary integral) method [39, 52, 53] . In this way, the advantages of both methods, i.e., the natural incorporation of heterogeneous material parameters in FEM and the inherent validity of the radiation condition of the scattered fields in BEM, are combined.
In this section, we propose a hybrid FEM-BEM formulation whose reduced form (after elimination of the interior FEM degrees of freedom) is suitable for Calderón preconditioning. The proposed Calderón multiplicative preconditioner for the reduced FEM-BEM system relies on the fact that C (as introduced in §3.4) is a preconditioner for both T and P.
Formulation
Consider a tangential magnetic current density m 0 ∈ H − 1 2 (div Γ , Γ) flowing on Γ and generating scattered fields in the exterior domain Ω + (Fig. 1) . In order to make the formulation amenable to multiplicative Calderón preconditioning, as explained in the next section, m 0 is the only source for the scattered fields in Ω + (no electric current density is assumed). This implies that, in general, m 0 is different from the trace of the total tangential electric field, similar to the magnetic current formulation of [54] . Along with the unknown current density m 0 , we consider this total tangential electric field at the boundary, i.e., the interior limit ofn × e to the boundary, as another independent unknown of the formulation. The exterior traces of the total tangential electric and magnetic fields follow immediately from (12) and are given bŷ n × e (i)
The interior traces of the total tangential electric and magnetic fields are given byn × e and P(n × e), respectively. Expressing the the tangential continuity of the electric and magnetic fields at the boundary leads to the following system (41) . , and using equations (35)- (38), we obtain the discretized system
with α and β the expansion coefficients of m 0 andn × e, respectively, (a)
The presence of the ill-conditioned submatrices T/η and P, which suffer from dense mesh discretization breakdown as explained in Section 3.3, causes an ill-conditioned system matrix, which negatively affects the convergence speed of an iterative solution algorithm of system (42) (see Section 5).
Calderón Multiplicative Preconditioner
It is well known that the mixed Gram matrix does not suffer from dense mesh discretization breakdown and is well-conditioned [14, 22] . Moreover, the submatrix K− (42) is the so-called mixed discretization of the MFIE (magnetic field integral equation) operator K k − 1 2 , and is known to be well-conditioned [55] . Taking these observations into account and the fact that C is a preconditioner for both T and P, we propose the following Calderón multiplicative preconditioner for hybrid system (42), with I the identity matrix:
This leads to the preconditioned reduced hybrid FEM-BEM system
Note that the desired property that the preconditioned hybrid system matrix in (44) is well-conditioned does not necessarily follow from the fact that its submatrices are well-conditioned (an illustrative counterexample is a block matrix filled with identity submatrices), but will be shown to hold for representative numerical examples in Section 5. The preconditioner C s is fully compatible with existing matrix vector product acceleration schemes, such as the multilevel fast multipole algorithm (MLFMA) [31] [32] [33] [34] .
Low-frequency behavior
Suppose Ω − is simply connected. Then it is well known that the mixed discretization K − 1 2 G T is an accurate and well-conditioned discretization of the MFIE operator K k − 1 2 at arbitrarily low frequencies, without the explicit need to refine the mesh [56] . Moreover, in absence of numerical cancellation errors in the calculation of T, T bc and the matrix products (which can be circumvented by using a loop-star decomposition), T bc G −1 T is an accurate and well-conditioned discretization of the Calderón preconditioned EFIE operator T 2 k for arbitrarily low frequencies [57] . Considering the similarities between the Calderón preconditioned EFIE and PS operators (cf. Corollary 2.1 and Section 3.4), it is expected that T bc G −1 P is an accurate and well-conditioned discretization of the Calderón preconditioned PS operator T k P for arbitrarily low frequencies, in which case the preconditioned reduced hybrid FEM-BEM system (44) is expected to be accurate and well-conditioned at arbitrarily low frequencies. However, these statements, along with a loop-star decomposition for T bc G −1 P, require further investigation and are beyond the scope of this paper. For multiply connected Ω − , nontrivial nullspaces of the static limits of the operators K k − lead to ill-conditioning of their respective discretizations K − 1 2 G T and T bc G −1 T at low frequencies [58] . By Theorem 2.2, the same phenomenon pertains to T k P, although further investigation is required to solve the resulting ill-conditioning of T bc G −1 P at low frequencies for those multiply connected domains. 
Numerical Examples

Scattering at a Homogeneous Dielectric Ball
This example investigates the accuracy of the proposed hybrid formulation (42) , for the case of linearly polarized plane wave scattering at a dielectric ball with constant relative permittivity r = 1 / 0 = 2 and diameter d. Fig. 7 shows excellent agreement between the scattered electric far field λ 2 R|e| (scaled with the distance R), obtained with the hybrid formulation for the mesh of Fig. 6 , and the analytical Mie solution [59, 60] , for low (λ = 10d, Rayleigh scattering regime) and high (λ = d) frequencies.
Scattering at a Luneburg Lens
In this example the effectiveness of the Calderón multiplicative preconditioner for the hybrid formulation (42) will be investigated. Consider scattering at a classical Luneburg lens, which is a spherical lens with diameter d with spherically symmetric relative permittivity r = 1 / 0 = 2 − r 2 /(d/2) 2 depending on the distance r to its center. In the high frequency limit, i.e. in the ray optics regime (valid for wavelengths λ d), it has been proven that a parallel bundle of rays impinging on the lens is focused in a point at the other side on the spherical surface [61] . Fig. 8 , which results from the solution of the preconditioned hybrid system with the mesh of Fig. 6 , shows that this property is still approximately valid for plane wave incidence at λ = 0.8d.
Figs. 9 and 10 illustrate the effect of dense mesh discretization breakdown of the discretized Poincaré-Steklov operator P (as shown in Fig. 3 ) on the number of iterations and the convergence of the reduced hybrid FEM-BEM system (42), even with diagonal preconditioner. As expected the Calderón multiplicative preconditioner (43) , which cures the system from the breakdown, leads to a nearly constant number of iterations for different mesh sizes h/λ, for fixed wavelength λ and precision of the iterative solution algorithm (TFQMR [62] is used in all examples).
The increase in number of iterations is reflected by the execution times in Fig. 11 , where it should be noted that the execution time of the TFQMR algorithm with Calderón preconditioner increases for lower h/λ because of the increasing dimensionality of the system, but the number of iterations stays constant (see Fig. 9 and Table 1 ). The calculation of P, present in formulation (42) , involves the calculation of a Schur complement of the sparse FEM system matrix, as shown in (32) . This step is accomplished by the parallel sparse direct multifrontal solver MUMPS [63] , and one observes in Fig. 11 that it executes faster than the iterative solution for the considered mesh sizes.
Scattering at a Lossy Homogeneous Dielectric Cube
In the previous example, the boundary Γ is smooth, allowing the direct application of Theorem 2.2 and Corollary 2.1 to explain the observed lack of dense mesh discretization breakdown of the preconditioned Figs. 9 and 10 ), the lossy dielectric cube (cf. Fig. 13 ) and the bent graded-index fiber (cf. Fig. 15 ), for different preconditioners, as a function of the relative residual error E of the iterative solver (TFQMR) and the relative mesh size h/λ (with λ = 4d, 10d and 9l, respectively). system (44) . In order to investigate the effects of a non-smooth (but Lipschitzian) boundary and a discontinuity of the permittivity at Γ (i.e., a configuration where lim Ω − r→Γ 1 (r) is constant but different from the permittivity 0 of the exterior homogeneous domain Ω + ), we consider scattering at the lossy homogeneous dielectric cube of Fig. 12 with relative (with respect to 0 ) permittivity r = 10 − 0.1j.
In line with the results of scattering at the Luneburg lens, we observe in Fig. 13 that the Calderón preconditioned system (44) again outperforms the original system (42), with or without diagonal preconditioner, in terms of number of iterations of the iterative solution. However, Table 1 reveals that the number of iterations, for a fixed precision E, still increases slowly for a decreasing relative mesh size h/λ, which is not the case for the Luneburg lens. Therefore, the slow increase increase in number of iterations can be attributed to the non-smooth boundary, which causes singular tangential electric field components (of the exact solution) around the sharp corners (as can be observed in Fig. 12 ).
For the same precision E = 10 −6 and comparable relative mesh sizes h/λ = 1.0·10 −2 and h/λ = 1.1·10 −2 , we observe in Table 1 that the number of iterations for the cube is significantly higher than for the Luneburg lens (57 versus 22, respectively). This is due the higher condition number of the discrete preconditioned PS operator T bc G −1 P for the cube, which is caused by the jump in permittivity at the boundary, as explained in Section 3.4 and shown in Figs. 4 and 5 (where the logarithm of the condition number is equal to the length of the smallest interval that contains the support of the functions).
Scattering at a Bent Graded-index Fiber
Consider plane wave scattering at a bent graded-index fiber, with parabolically varying permittivity 1 ranging from 4 0 (at the center of the fiber) to 2 0 (on the boundary), as shown in Fig. 14 . In addition to its practical relevance, this example is interesting because its permittivity, although in C 1 (Ω − ), is not constant on the boundary (it varies parabolically on the two cross sections).
Nevertheless, we observe in Fig. 15 and Table 1 that the Calderón preconditioner (43) cures the system (42) from dense mesh discretization breakdown, as indicated by the nearly constant number of iterations, whereas the number of iterations with diagonal preconditioner increases with decreasing mesh size. This is reflected by the execution times in Fig. 16 , where we observe that the relative gain of the Calderón preconditioner w.r.t. the diagonal preconditioner increases for finer meshes, due to the earlier mentioned breakdown occurring with the latter preconditioner. Similar to the results in Fig. 11 , the execution time of the iterative solution of the dense reduced hybrid system (42) dominates the calculation of the Schur complement (32) using the direct sparse solver MUMPS, as shown in Fig. 16 , for all considered mesh sizes. 
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Conclusions
We prove that the electric field boundary integral operator can be used to regularize the continuous timeharmonic electromagnetic Poincaré-Steklov operator of a heterogeneous domain. The beneficial implications of a discrete Calderón multiplicative preconditioner (CMP) on the condition number of its finite element discretization are numerically investigated. This paves the way for an efficient iterative solution of reduced hybrid FEM-BEM problems. We demonstrate the accuracy of a formulation that is amenable to the CMP on a canonical problem and the effectiveness of the preconditioner in practically relevant scattering problems.
